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Research Article

Edmond W. H. Lee
Finite involution semigroups with infinite irredundant
bases of identities

Abstract: A basis of identities for an algebra is irredundant if each of its proper subsets fails to be a basis
for the algebra. The first known examples of finite involution semigroups with infinite irredundant bases are
exhibited. These involution semigroups satisfy several counterintuitive properties: their semigroup reducts
do not have irredundant bases, they share reducts with some other finitely based involution semigroups, and
they are direct products of finitely based involution semigroups.
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1 Introduction

1.1 Finite basis problem

A basis for an algebra A is a set of identities satisfied by A that axiomatizes all identities of A. An algebra is
finitely based if it has some finite basis. Finite groups [16], finite associative rings [7, 12], and finite Lie alge-
bras [1] are all finitely based. However, this result does not hold for all finite algebras; there exist groupoids
with as few as three elements that are not finitely based [5, 15]. In general, the finite basis problem for finite
algebras is undecidable [14], but the problem remains open when restricted to finite semigroups. The first
examples of non-finitely based finite semigroups [17] were discovered in the 1960s. Since then, the finite
basis problem for finite semigroups has been intensely investigated. For further information, refer to the
survey by Volkov [19].

1.2 Irredundant bases

A basis for an algebra A is irredundant if each of its proper subsets fails to be a basis for A. An algebra is
irredundantly based if it has some irredundant basis. It is clear that any finitely based algebra is irredun-
dantly based. As for non-finitely based finite algebras, there was initial hope that they all have irredundant
bases, but this was refuted by subsequent examples of non-irredundantly based finite semigroups [13, 18].
On the other hand, there also exist finite semigroups with infinite irredundant bases [4]. Apart from these
examples, not much is known about the irredundant basis property in general. The problem of deciding if
a non-finitely based finite algebra is irredundantly based remains open.

1.3 Involution semigroups

Recall that an involution semigroup is a pair (S, *), where the reduct S is a semigroup and x — x* is a unary
operation on S such that
(x")"=x and (xp)" = y"x".
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Examples of involution semigroups include any group with inversion x — x~* and the multiplicative semi-
group of all n x n matrices over any field with transposition x — x'. Compared with semigroups, even less
is known about involution semigroups with respect to the irredundant basis property. Presently, only one
finite involution semigroup is known to be non-irredundantly based [6]. Explicit examples of involution semi-
groups with infinite irredundant bases are unavailable. The objective of the present article is to exhibit the
first examples of such finite involution semigroups. These new examples, together with recently established
results [9, 10], demonstrate that an involution semigroup and its reduct can satisfy very contrasting equa-
tional properties.

1.4 Known results

The main examples of the present article are constructed from the cyclic group

Z,=(g|g"=1)=1{1,9.4,....9""}

of order n > 1 and the ¢ -trivial semigroup

L=(e.f|e =e > = f, efe=0) = {0,e, f,ef, fe, fef}

of order six. The multiplication table of L is given as follows.

L 0 fef ef fe e f

0 0 0 0 0 0 0
fef 0 0 0 0 0 fef
ef 0 0 0 0 0 ef
fe 0 0 fef 0 fe fef
e 0 0 ef 0 e ef
o0 fof fef fe fe o f

Up to isomorphism, the semigroup L is one of only four non-finitely based semigroups of order six [11].
The direct product L x Z,, of L and Z, is a non-finitely based semigroup [8], and this result was recently
generalized.

Theorem 1.1 ([9, Theorem 1.3]). For each n > 1, the non-finitely based semigroup L x Z,, is non-irredundantly
based.

For each n > 1, let sq(n) denote the set of all square roots of unity modulo n, that is,
sq(n) = {R € {1,2,...,n} : R? = 1 (mod n)}.
It is routinely checked that for each R € sq(n),
fo = (Zn,R) with x — x®

is an involution semigroup. Conversely, any involution semigroup with reduct Z,, is isomorphic to some ZE‘,
so the number of such involution semigroups is
29071 if = 0 (mod 8),
sq(m)] = {21 if n = +2 (mod 8),
24" otherwise,

where w(n) is the number of distinct prime factors of » ([3]). In particular, the inversion operation x > x™*

in Z,, coincides with x + x"
As for the semigroup L, it is the reduct of the involution semigroup

L=(L"%),
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where * interchanges ef and fe but fixes all other elements of L. In fact, up to isomorphism, L is the unique
involution semigroup with reduct L. Hence, the direct product of the involution semigroups L and ZE is

LxZ =(LxZ,") with (x,y)" = e, y®).

Consequently, up to isomorphism, the number of involution semigroups with reduct L x Z,, is precisely |sq(n)].
The finite basis property of the involution semigroup L x fo, when R = 1, was recently established.

Theorem 1.2 ([10, Theorem 1.2]). For each n > 1, the involution semigroup L x Z.. is finitely based and so is
irredundantly based.

1.5 Main result

In view of Theorem 1.2, what remains to be investigated is the involution semigroup L x fo with R € sq(n)\{1}.

Theorem 1.3. For each n > 1 and R € sq(n)\{1}, the involution semigroup L x fo has an infinite irredundant
basis and so is non-finitely based.

The results of Theorems 1.1-1.3 are summarized in Table 1.

LxZ, LxZ, LxZY R esqm\{l}

Finitely based No Yes No
Irredundantly based No Yes Yes

Table 1. Summary of Theorems 1.1-1.3.

Corollary 1.4. Foreachn > 1and R € sq(n), the involution semigroup L x ZS is
(i) irredundantly based,
(ii) finitely based if and only if R = 1.

Corollary 1.5. There exist finite examples of

(i) involution semigroups with infinite irredundant bases such that their reducts do not have such bases,

(ii) non-finitely based involution semigroups sharing the same reducts with finitely based involution semi-
groups,

(iii) non-finitely based involution semigroups that are direct products of finitely based involution semigroups.

Proof. Refer to Table 1 for examples of parts (i) and (ii). As for part (iii), the involution semigroup L x Z:‘l_l is
non-finitely based for all n > 3, while the involution semigroups L and Zz‘l are finitely based. O

Since all finitely based algebras are irredundantly based, no involution semigroup can provide a (‘Iﬁf)-column
in Table 1. Therefore, this table exhibits the most complicated scenario for a non-irredundantly based finite
semigroup S in the following sense: there exist involution semigroups (S, *) and (S, ") with reduct S such that
no two of S, (S,*), and (S, ) simultaneously satisfy the same finite basis property and irredundant basis
property. It is of interest to know if the most complicated scenario exists for an irredundantly based finite
semigroup.

Question 1.6. Is there an irredundantly based finite semigroup S, being the reduct of involution semigroups
(S,*) and (S, ), such that their finite basis property and irredundant basis property are described in one of
the following tables?

s & 8N s & 6
Finitely based  Yes No No Finitely based  No Yes No
Irredundantly based  Yes Yes No Irredundantly based  Yes Yes No
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1.6 Smaller examples

Although the order 6n of the irredundantly based involution semigroup L x Z}f in Theorem 1.3 can be consid-
ered small, smaller examples are available. For each n > 1, the subset

L, = (Lx{1) U {0} x Z,)

of L x Z, has n + 5 elements. It is routinely verified that L, is a subsemigroup of L x Z,, that is closed under
the unary operation (x, y)* + (x*, y*) of L x Z%. Hence, LY = (L,, *) is an involution subsemigroup of L x Z%
of order n + 5.

Lemma 1.7. For each n > 1, the involution semigroups L}f and L x Z}f satisfy the same identities.

Proof. The identities satisfied by L x ZS are vacuously satisfied by its involution subsemigroup Lff. Con-
versely, since
LxZ8 = (LY x (Z,,%) = (L x {1},") x (10} x Z,, ") < LY x L,

the identities satisfied by LY are also satisfied by L x Z%. O

Consequently, the involution semigroup L§ of order eight has an infinite irredundant basis; it is presently the
smallest known example. As for semigroups with infinite irredundant bases, the smallest example currently
known is of order nine [4].

Question 1.8. What is the smallest possible order of a semigroup or involution semigroup with infinite irre-
dundant basis?

1.7 Organization

There are seven sections in the present article. Notation and background material are given in Section 2.
Sections 3-6 are devoted to establishing an explicit infinite basis for the involution semigroup L x fo. This
explicit basis is then shown in Section 7 to contain an infinite irredundant basis for L x Z}f. Consequently, the
proof of Theorem 1.3 is complete.

2 Preliminaries

The free involution semigroup over a countably infinite alphabet 27 is the free semigroup (&7 U &7*)* over
the disjoint union of & and .&* = {x* : x € &/}, with endowed unary operation * defined by (x*)* = x for
all x € & and

(%1% - .xm)* = x:”x:n_l .. .x;“
forall x,, x,,...,x,, € o U<". Elements of &/ U /" are called letters while elements of («# U &/*)" U {@} are
called words. Words in «7* U {@} are called plain words. A word that is also a single letter is called a singleton.

Any word w € (&7 U .2/*)" can be written in the form
W= XA
where x,x,,...,x,, € & and ®,,®,,...,®,, € {1, x}; the plain projection of such a word is the plain word
W= XXy X,

The first and last letters that occur in a word w are denoted by >w and w«, respectively. The number of
times that a letter x occurs in a word w is denoted by occ(x, w). The content of a word w is defined to be the set

con(wW) = {x € & : occ(x, W) = 1};
Brought to you by | Boston College Libraries
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this set is partitioned into the sets
sim(w) = {x € & : occ(x,w) =1} and non(W) = {x € & : occ(x, W) = 2}.

The letters in sim(w) are said to be simple in w while the letters in non(w) are said to be non-simple in w.
A word w is non-simple if some letter is non-simple in it, that is, non(w) # @. Two words w and w’ are disjoint
if con(w) N con(W) =g.

An identity is written as w =~ w’, where w and w' are words. An involution semigroup $ = (S, *) satisfies
an identity w = w' if, for any substitution ¢ : &7 — S, the elements wg and w'¢ of S are equal. An identity
w =~ w' is deducible from a set X of identities, written £  w =~ w', if every involution semigroup that satisfies
all identities in ¥, satisfies w ~ w' as well. Two sets of identities ¥, and ¥, are equivalent, written =, ~ %,,
if the deductions %, + X, and X, + X, hold. The set of all identities satisfied by an involution semigroup § is
denoted by id(S). A subset X of id(S) is a basis for S if X + id(S). An involution semigroup is finitely based if it
possesses a finite basis.

Lemma 2.1 ([10, Lemma 2.1]). Ifw = w' € id(L), then sim(w) = sim(w?) and non(w) = non(W).

Lemma 2.2 ([10, Lemma 2.2]). For any w,w’' € «/*, the involution semigroup ZE satisfies the identity w ~ w'
if and only if occ(x,w) = occ(x, w') (mod n) forall x € <7 .

3 An explicit basis for L x Z

If n e {1,2}, then sq(n)\{1} = @, so that L x ZE‘ =Lx Z:l is finitely based by Theorem 1.2. If n > 3, then
n—1 € sq(n)\{1}, so that sq(n)\{1} + @. Therefore, for the remainder of the article, assume that n > 3 and
R € sq(n)\{1} are fixed. Furthermore, the axioms

(xy)z = x(yz), (") =x (xp)" =y*'x" (inv)

of involution semigroups are assumed to hold in all deductions. In other words, for any set X of identities and
any identity w ~ w’, the deduction {(inv)} U =  w =~ w’ is simply written as =  w =~ w'.

Theorem 3.1. The identities

P xxt Myxo = xyx, xpx™! = xyx, (3.1a)
K yx = xyx’, (3.1b)

XYXZX = XZXYX, (3.10)

(x"M" =~ x", (3.1d)

x*hyx* ~ x%h, x5, (3.1e)

x*h,xh,x ~ x*h,xh,x, (3.1f)
xh;x"h,x =~ xh; xh,x, (3.1g)
xh,xhyx* ~ xh,xh,x%, (3.1h)

x*h, %1, x%h, y® ~ x%h, y® h,x®h, y®, (3.10)
x®hy y hyx®hyy® = xglhl)’thzx@zhs)’@S» (1)
x®1h, y®h,x*hyy® ~ x®h, y®h,x%h; y®, (3.1k)
x®1h, y®h,x®h;y* =~ x®h, y*h,x%h, )%, (31D
(h,xyh,)"" = (h, yxh,)"", (3.1m)
xPh,yth,xhsy = yth x h,yh;x, 1< p, g<n, (3.1n)

xh; yh,xhyy = xy"h, yh,xh,y, (3.10)
xh;yhyxhyy = y"xh, yh,xh,y, (3.1p)
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xh;yh,xhyy = xh,x" yh,xh, y, (3.1q)
xh; yh,xhyy = xh; yx"h,xh;y, (3.1r)
xh; yh,xhyy = xh; yh,xy"h, y, (3.1s)
xh;yh,xhyy = xh, yh,y"xh,y, (3.1t)
xh; yh,xhyy = xh; yh,xh;x"y, (3.1u)
xh,yh,xh;y = xh, yh,xh; yx", (3.1v)

1

x(ﬁ(y,-h,-yi*))x* ~ x(H(yihiyi*)>x*, m=>2, (3.1w)
i=1

i=m
where h; € {@, h;} and ®; € {1, =} constitute a basis for the involution semigroup L x fo.
Lemma 3.2. The involution semigroup L x Z% satisfies identities (3.1).

Proof. It follows from [10, Lemma 3.2] that the involution semigroup L satisfies identities (3.1). Since the
group ZE satisfies the identities x" ~ 1, x* ~ x%, and xy = yx, it is routinely shown that it also satisfies
identities (3.1). O

Some restrictions on the identities satisfied by the involution semigroup L x fo are established in Sections 4
and 5. The proof of Theorem 3.1 is then given in Section 6. The basis (3.1) is shown in Section 7 to contain an
infinite irredundant basis for L x Z}f, hence completing the proof of Theorem 1.3.

4 Connected identities and sandwich identities

Recall that two words w, and w, are disjoint if con(w;) N con(w,) = &. A non-simple word is connected if it
cannot be decomposed into a product of two disjoint nonempty words. In other words, a non-simple word w
is connected if whenever w = w,w, for some w,;,w, € (& U &*)", then con(w;) N con(w;) # @. An identity
w =~ w' is connected if the words w and w' are connected. It is shown in Section 4.1 that the involution semi-
group L x fo possesses a basis that consists entirely of connected identities. In Section 4.2, a special kind of
connected identities, called sandwich identities, is introduced. It is shown in Lemma 4.4 that the involution
semigroup L x ZE possesses a basis that consists of (3.1) and sandwich identities.

The results in the present section, together with those from Section 5, are required in Section 6 in the
proof of Theorem 3.1.

4.1 Connected identities

Lemma 4.1. Let w~w' €id(L x Z\\). Suppose that w = w,w, for some disjoint words w,,w, € (</ U o/*)*.
Then, w' = ww), for some disjoint words w',w) € (<7 U o/*)" such that w, = w},w, =~ w} € id(L x Z). Conse-
quently, w is connected if and only if w' is connected.

Proof. This result has been established for the case R = 1 ([10, Lemma 4.1]), but its proof is independent of
the value of R. Hence, the present lemma holds. O

Any word u € (& U &/*)* can be decomposed as

u= H Pi>
i=1
where p;,p,,....P, € (& U.oZ*)" are pairwise disjoint words each of which is either a singleton or a con-

nected word. It is easily seen that this decomposition of u, called the natural decomposition of u, is unique.

Lemma 4.2. The involution semigroup L x ZE possesses a basis that consists entirely of connected identities.

Brought to you by | Boston College Libraries
Authenticated
Download Date | 3/7/17 2:49 PM



DE GRUYTER E.W. H. Lee, Finite involution semigroups with infinite irredundant bases of identities =—— 593

Proof. Letu ~ u be any identity from a basis X for L x ZE. Suppose that u = []12, p; is the natural decomposi-
tion of u. Then, it follows from Lemma 4.1 that u’ can be decomposed as u’ = [, p; with p; = p; € id(L x Z%)
foralli.

Case 1: The word p; is a singleton. Sincep; ~ p; € id(L), it follows from Lemma 2.1 that p;, p; € {x, x*} for some
x € . Butp; ~ p, € id(Z}) and x ~ x* ¢ id(ZY) imply that p; = p,.

Case 2: The word p; is connected. Then, p; is connected by Lemma 4.1.

Therefore, for each i, the identity p; ~ p; is either trivial or connected. Consequently, when the identity
u ~ u' in T is replaced by the connected identities from {p; ~ p; : 1 < i < m}, the resulting set remains a basis
for L x Z%. O

4.2 Sandwich identities

Let < beatotal order on the alphabet 7. For any nonempty finite subset 2" of o7, write 2" = {x; < x, < -+ < x,}
to indicate that x|, x,, ..., x, are all the letters of 2" with x; < x, < --- < x,. For such a set .2, define

XE = {52 X7 e € {12, n

The shortest word in .2°® is

-

X = x%y 0 X,

For any word w € (& U ./*)" such that con(W) = {x, < x, < -+ < x,}, define min(w) = x,.
A connected word s is called a sandwich if one of the following holds.
(S.1) s=xux"forsomex € .o/ andu € (& U &7*)" U {@} such that x ¢ con(u),
(S.2) s=x"uxforsomex € o/ andu € (& U.2/*)" U {@} such that x ¢ con(u),
(S.3) s= x]_[il(ui,%-}) for some ¢ > 1, finite nonempty 2" € &, x € 2%, and y; € (&« U &7*)" U {@} such that
(@ 2 ,u,u,,...,u, are pairwise disjoint and
(b) if¢>2,thenu; # @ foralliand min(u,;) < min(u,) < --- < min(u,).
Specifically, for any k € {1, 2, 3}, a sandwich from (S.k) is said to be of type (S.k). The level of the sandwich
in (S.3) is the number ¢, while the level of any sandwich in (S.1) and (S.2) is defined to be one.

Remark 4.3. In (S.3), due to (b), the only case in which any of u;, u,,...,u, can be empty is when ¢ = 1 and
u, = g, thatis, s = xZ .

Anidentity s =~ s’ is a sandwich identity if the words s and s’ are sandwiches. Denote by
idgan (L X ZY)
the set of all sandwich identities satisfied by the involution semigroup L x fo.
Lemma 4.4. The set {(3.1)} U idg,, (L x fo) constitutes a basis for the involution semigroup L x fo.

Recall from Lemma 4.2 that the set id (L x Z}f) of all connected identities from id(L x ZE‘) constitutes a basis
for L x ZS‘. As shown in Lemma 3.2, the involution semigroup L x Z}f satisfies identities (3.1), so that the set
{BD)}Uidc(L x Z2) is also a basis for L x Z. It is shown in Lemma 4.7 that identities (3.1) can be used to
convert any connected word into a sandwich. Lemma 4.4 thus follows.

Lemma 4.5 ([10, Lemma 4.5]). The following identities are deducible from (3.1):

(ﬁx?)h(ﬁxi) ~ (ﬁxf‘“)h(ﬁxi), G=1,r>1, (4.1a)

i=1 i=1 i=1 i=1

(M) bl e
i=1 i=1 i=1 i=1 i=1

where h € {3, h}.
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Lemma 4.6. Suppose that w is any connected word. Then, identities (3.1) can be used to convert w into some
word w' such that >w' = w'<.

Proof. Suppose that >w # w<. Then, since the word w is connected, there exist distinct letters x4, ..., x, € &
occurring in w in the overlapping manner

R N

!

U ! U U
— & ®, @, ®; ®; &, ®; ® &1 &,
w=x'a;x, a,x, ' by xj*ax, by x,tayx by - X, x, D, X,

where a;, b; € (&7 U&/")" U{@}and &, @lf € {1, =}. (Note that a, follows xf"’ while b; follows x?’f .) Then, identi-
ties {(3.1b), (3.1i), (3.1j), (3.1k), (3.11)} can be used to convert w into

P P P3 Py pr
x1'axyayx by xax,byxyta xsbs - - xlra x, b, X,
where p;,q; > 1. Hence,
w &) xPra; xPa,x, b xPa;x,b,xP*a,x5b, - - xfra x, b, x
~ A dpAg AU Ag a3AUg Ay dqA3 3 r Srtr-1Yr—1"r
G p, P P n P P
=" x;'a x5 ayx b x3’ a3 x,x byxytayxsby - xira x, (b, x,
G p, P

P3 n y 2 n P,
x1'axa,x by x’asx,x by xya s, x by - - xira x, b, x,

B.v) bp 2 ps n y 2 n P n
= x1'apxsayx b xsa; X byxgfa s x by oo xirax,  xTb, x,
(3;1,") bp 2 b. x> “n y b - P an n
= x1'a;x;ayx bixsax)x byxgta s x by oo xra x,  xb,  x, x|
!
= W,
where bw' = x;, = w'«. O

Lemma 4.7. Suppose that w is any connected word. Then, identities (3.1) can be used to convert w into some
sandwich s with sim(w) = sim(s) and non(w) = non(s).

Proof. By Lemma 4.5, it suffices to convert the word w, using identities (3.1) and (4.1), into some sandwich s
with sim(w) = sim(s) and non(w) = non(s). By Lemma 4.6, it can be assumed that x, = >w = w<. Then, w can
be written as

my
® ®
w=x" H(wl,ixf)’
i=1

where m; > 1, ®; € {1, *}, and w, ; € (& U.&/")" U {@} with x; ¢ con(wy ;) for all i. If m; = 1, then w is either
XyWy X1, X Wy 1X], X Wy 1%, Of x;wy x|; the first three words are sandwiches while identities (3.1) can be
used to convert the fourth word into a sandwich of type (S.3), that is,
* « (31le) r R BG1b) 2r-1 (Bla)
XiWiXy = XWXy = X WXy = XWX
wherec € {1,2,...,n}issuch thatc = 2R - 1 (mod n). Therefore, assume that m, > 2, so that identities (3.1e)—-
(3.1h) can be used to replace any x; by x\.
Suppose that w, ; and w, ; are not disjoint with i # j, say x, € con(wy ;) N con(w ;). Then,

! !
— ®1 ®Z
w = x;hyx, ' hyx hyx,*hy x,

forsomeh; € (& U &7*)" U{@}and @l{ € {1, =}. Identities (3.11)-(3.1) can first be used to replace any x; by xg‘
and identities (3.10)—(3.1v) can then be used to perform the replacement (x;, x,) — (x,x5, x{x,). Theresulting
word is of the form

m,

0,1, .%,2 G1 G2
x" x, n(wz,i x"xy7),
i=1

Brought to you by | Boston College Libraries
Authenticated
Download Date | 3/7/17 2:49 PM



DE GRUYTER E.W. H. Lee, Finite involution semigroups with infinite irredundant bases of identities === 595

wherem, > 2,¢; > 1,andw, ; € (& U.&/")" U {@} with x;, x, ¢ con(w,;) for all i. Similarly, if w, ; and w, ; are
not disjomt withi # j,say x; € con(w, ;) N con(w, ; ]) then identities (3.1i)—(3.11) can first be used to replace any
x; by x5 R and identities (3.10)—(3.1v) can then be used to perform the replacement (x X3) (xg"’2 Xy, XX %5).

The resulting word is of the form "
3

ximx;vzx;os H(WS lxlzlx;xz i3
i=1
where m; > 2, G;>1, and w; ; € (& U )" u{a} with x|, x,,x; ¢ con(ws ;) for all i. This can be repeated
until a word of the form

0,1 Coz.” C G2 | o Cir
X1 X, 1_[( XKyt )

is obtained, wherem, > 2, G;=1, andw, |, W,,,...,W, , € (& U /*)* U {@} are pairwise disjoint words with
X5 Xy, .05 %, ¢ con(w,;) for all i. Itis easily seen that 1dent1t1es (3.1a) and (3.1b) can be used to convert this word
into

m,
w o= xPx2 .kl H(w,,,- XXy 000 X,),
i=1
where 1 < ¢; < n. Let  denote the permutation on {1, 2, ..., r} such that

X < Xgp <00 < Xy

Then,

1 Bla) ¢ o 3 : n+l
W XXy X W X Xy X, H(Wr,i(xlxz"'xr) )

m
(.n) i .G [ T n+1
~ u T “ .. .. . e
& XpXon X g Wr1 X172 X205 Xrm H(wr,i(xle xr) )
i=2
Gm) =
m Cm Oz G n+l
XipXog *  Xpg W1 X1 X0+ Xy (wr,i(xlrern e xrrr) )
i=2
(3’13) Cin O

XinXom =" Xy o H(wr X1 %o " xrn)'
i=1

In summary, identities (3.1) can be used to convert w into a word of the form

¢
s = xH(uiﬁ”),

where 6> 1, 2 ={x; <x, <+ <x,} S &, x=x]x7---x7 € 2% and u; € (& U")" U{@} are such that
Z ,uj,u,,...,u, are pairwise disjoint. Let ¢/ be the number in {1,2,...,n} such that ¢ + 1 = ¢ (mod n).
Ifu, = @, then
e ! !
s=x\xZ- '%uz,%” H(u ) (“42p) Cl“x;ﬁl -~x‘;'+1u23£7 H(ui(%?) Gl X[ x7 - ~-x$'u2c%? H(ui%)
i=3 i=3 i=3
and ifu]- = ¢ for some j € {2,3,..., ¢}, then

1 ¢
s = xxZee- (h(u,f)) (H(u,%ﬂ)

i=1 i=j+1
(4.1a) o+l o+l c+1 = > ¢ N
= XKy X (H(u,%)) H(ui%))
i=1 i=j+1
(B1a) ¢ o < L > £ >
= XX ---x;<]'[(ui%))< I (ui%))
i=1 i=j+1

Hence, for any i, if the factor u; is empty, then the 2 that follows it can be “combined” with the prefix x.
Therefore, it can further be assumed that either

(A) s=xZ or

(B) w; # o foralli.
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If (A) holds, then the word s is a sandwich of type (S.3). Hence, assume that (B) holds. It remains to show
that if £ > 2, then identities (3.1) can be used to rearrange the factors u;, u,, ..., u,, so that s satisfies (S.3)(b)
and is a sandwich of type (S.3). To interchange u; and u;,, for any j > 2, identity (3.1c) can clearly be used. To
interchange u, and u,,

(31) 5. on—1

U xu, Zu, 2L ]‘[(u%)

G 2w, 2 u, Txd"! H(uiﬁg”)

01 G, Fu, FxZ" [ [ 2

i=3

e

(3.1b) o -» - -»n—l

= xu, 2w 2 H(u, )
i=3

Gl xuzﬁulﬁ? H(uiﬁg).
i=3
Throughout this proof, identities (3.1) have been used to convert the word w into a sandwich s. Therefore,
w =~ s € id(L) by Lemma 3.2, so that sim(w) = sim(s) and non(w) = non(s) by Lemma 2.1. O

5 Restrictions on sandwich identities

The present section establishes some properties of sandwich identities satisfied by the involution semi-
group L x fo. In Section 5.1, it is shown that any two sandwiches that form such an identity must share the
same type and level. In Section 5.2, refined identities are introduced; these are identities formed by certain
sandwiches of level one. It is shown in Lemma 5.8 that refined identities satisfied by the involution semigroup
L x ZX are of very specific form.

The results established in the present section are required in Section 6 in the proof of Theorem 3.1.

5.1 Type of sandwiches forming sandwich identities

Lemma 5.1. Suppose that s = s’ € idg,(L x Z%), where s = xux" is the sandwich in (S.1). Then, s’ = xu'x* for
some u' € (&7 U.o7*)" U{@} with x ¢ con(u) = con(u’). Consequently, s is of type (S.1) if and only if s’ is of
type (S.1).

Proof. Let ¢ : & — L denote the substitution given by

{fe ifz = x,
zp =

e otherwise.

Then, sp = fef = s'¢. It follows that

s’(p =fe-e-e---e-ef,
whences’ = xu'x* for some v € (/Ue/*) U{@} with x ¢ con(u’). Furthermore, con(s) = con(s') by Lemma 2.1,
so that x ¢ con(u) = con(u’). O

Lemma 5.2. Suppose that s ~ s’ € idg,(L x ZY), where s = x*ux is the sandwich in (S.2). Then, s' = x*u'x for
some u' € (o7 U.o7*)" U{o} with x ¢ con(u) = con(u’). Consequently, s is of type (S.2) if and only if s’ is of
type (S.2).

Proof. This is symmetric to Lemma 5.1. O
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Lemma 5.3. Suppose thats ~ s’ € idg,(L x Z%), where
¢ -
s = xn(ui%)
i=1

is the sandwich in (S.3). Then,

for some ul,u),...,u, € (o7 U.oZ*)" U{@} such that con(w;) = con(u_lf) for all i. Consequently, s is of type (S.3) if
and only if s' is of type (S.3).

Proof. Following the proof of [10, Lemma 5.3], there holds
¢
s = yl_[(u,{ Z )
i=1

forsomey € 2 andu),u},...,u;, € (&7 Uo*)" U {2} such that con(w;) = con(u_l{) for all i. Since
Z Necon(u; -uy---w,) =

by (S. 3)(a) ands=~s' € |d(ZR) where Z,, has a unit elemeent ZR satisfies the identity x.%’ = y% obtained
from s ~ s’ by retaining the letters in .2". Since xZ" S YX e, g it follows from Lemma 2.2 thatx = y. O

Lemma 5.4. Suppose thats ~ s’ € idg,(L x Z%), where
¢ 3 ¢ 3
s = xn(ui%) and s = xl_[(ul{z%”)
i=1 i=1
are the sandwiches of type (S.3) in Lemma 5.3. Then,
{B1), s=s'} ~ {BD} U {xux ~xujx:1<i<ée}.
Proof. Foreachi € {1,2,...,¢},letg, : &/ — o/ denote the substitution given by
z ifz € con(w) = con(u_lf),
z¢; = .
x" otherwise.

Note that for any w € (< U &/*)" such that w and u, are disjoint, the image wg;, belongs to {x", (x")*}*. There-
fore, identity (3.1d) can be used to convert we; into the plain word wg; in {x"}*. Hence, by (S.3)(a),

x(sp)x = x((xul‘%_}‘"'ui—lﬁ_}‘)q)i)ui((‘gg‘uiﬂﬁ"'u«?’%_}‘)(ﬁi)x

(€A ld)

x((x “1% 1—1£)¢i)ui((£ui+lﬁ : "“ef%-})‘l’i)x

(3.1a)
= XWX,

so that (3.1) F x(s¢;)x =~ xu;x. Similarly, the deduction (3.1) - x(s'g;)x = xu;x holds. Thus, the deduction
{(3.1), s = s} F xu;x ~ xu,x holds. Conversely,

¢

— 1,2 < % %

s = x]'x, --~x;u1%H(ui%)
i=2

¢
G ¢ ¢ o nu 5
=" x]'x, -~~xr'u1xr¢%”| |(u,-3£/)
i=2
¢
- a8 . c,lntgz} (1‘9:}-) b - l
= xl'xy e xTux, u; Y XWX = XWX
i=2

@Bt
= s.

Therefore, the deduction {(3.1)} U {xu;x = xujx : 1 <i < £} s =~ s’ holds. O
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5.2 Refined identities

By Lemmas 5.1-5.3, any identity in idg, (L x Z}f) is formed by a pair of sandwiches that share the same type
and level. Therefore, it is unambiguous to define the type and level of a sandwich identity s = s’ inidg, (L x Z;R)
to be, respectively, the type and level shared by the sandwiches s and s'. The present subsection investigates
identities in idg,y (L x Z\) of level one.

Consider a word r of the form

Kk
r= x(Hpi>x®, (5.1)
i=1

where k > 1, x € &7, ® € {1, x}, and p; € (& U &/™)" are such that x, p;, p,, ..., p; are pairwise disjoint. Note
that depending on @, the word r is a level one sandwich of type (S.1) or (S.3). This sandwich is said to be refined
if it satisfies both that

(R.1) each p; is either a singleton or a sandwich and

(R.2) ifpy,py-- ., pi are all sandwiches with k > 2, then min(p,) < min(py).

An identity r =~ r' is a refined identity if the words r and ¢’ are refined sandwiches. Denote by

idpee(L X Z\Y)
the set of all refined identities satisfied by the involution semigroup L x ZE‘.

Lemma 5.5. Suppose that s ~ s’ € idg,(L x Z%). Then, there exists some finite subset X of idpg(L x Z%) such
that the equivalence {(3.1), s =~ s'} ~ {(3.1)} U £ holds. Furthermore, each identity r ~ r' in % can be chosen so
that |sim(r)| < |sim(s)| and |non(¥)| < |non(s)|.

Proof. There are three cases depending on the type of the sandwich identity s ~ s'.

Case 1: The word s ~ s’ is of type (S.1). Then, by Lemma 5.1,
s=xux" and s =xu'x*

for some x € o7 and w,u’ € (&7 U.<7*)* U{@} such that x ¢ con(@) = con(w’). If con(@) = con(u’) = @, then
the identity s ~ s is trivial, so that the result holds with X = @. Hence, assume that con(u) = con(?) + .
In what follows, it is shown that identities (3.1) can be used to convert s into some refined sandwich r.
Similarly, identities (3.1) can be used to convert s’ into some refined sandwich r'. Hence, the equivalence
{3.1), s = s’} ~ {(3.1), r =~ ¢} holds. Since the deduction (3.1) s ~ r holds, it follows from Lemma 3.2 that
s ~ r € id(L), whence [sim(¥)| = |sim(s)| and |non(¥)| = [non(s)| by Lemma 2.1.

Letu = Hle p; be the natural decomposition of u, so that x, p;, p,, . . . , p are pairwise disjoint and each p;
is either a singleton or a connected word. By Lemma 4.7, identities (3.1) can be used to convert any connected p;
into some sandwich s; with sim(p;) = sim(s;) and non(p;) = non(s;). Therefore, it can be assumed that s satis-
fies (R.1). If s also satisfies (R.2), then s is already refined. Hence, suppose that s does not satisfy (R.2), that is,
P1> P2 - -» P areall sandwiches with k > 2, but min(p,) £ min(p,). Then, min(p,) < min(p,) because p, and p;
are disjoint. Let x; be the first letter of p;. If p; is of type (S.1), then p; = x,wx] for somew € (& U &™) U {z}.
If p; is of type (S.2), then p; = x;wx, for some w € (& U .&7*)" U {@}, so that

(inv) #\ *
pi = X wlx) .

If p; is of type (S.3), then
pi = x5

forsomew € (& U&/" )" U{g}and 2 = {x, < x, <--- < x,} € «, so that

.. C, oo
X WX Xy 00 X,

(3;13) n (3;1V) n n (3;111) n n—-R _x
i <X P =X PiXp =X PiX; X

Therefore, regardless of type, there exist h; € &/ U.&/™ and w; € (& U &™)" U {@} such that p; Gy hwh.

1 17
Hence,
K 6y (T G [T 6y (T
s :x(Hpi)x* = x(H(hiwihi*))x* = x(l_[(hiwihf))x* = x(Hpi)x*.
i=1 i=1 ik i=k
Since min(p;) < min(p,), the word r = x(l_[il:k p;)x" is the required refined sandwich.
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Case 2: Theword s =~ s’ is of type (S.2). Then, by Lemma 5.2,
s=x"ux and s =x"u'x

for some x € 7 and uw,u’ € (&7 U &7*)* U {@} such that x ¢ con(u) = con(u’). It is clear that the equivalence
{3.1), s =~ s'} ~ {(3.1), xux® =~ xu'x*} holds. Since xux* ~ xu'x* is a sandwich identity of type (S.1), the result
follows from Case 1.

Case 3: The word s ~ s’ is of type (S.3). Then, by Lemma 5.3,
11 11
s:xl—[(uiﬁ?) and s’ =xl—[(u;£”)
i=1 i=1

for some ¢ > 1, finite nonempty 2" < o7, x € 2%, and ui,u,f € (&7 Uu*)" u{@} such that con(u;) = con(u_lf)
foreachiand 2, u;,u,,...,u, are pairwise disjoint. By Lemma 5.4, the equivalence

() {B1),s=s't ~{BDIU{xux ~xujx:1<i<e}

holds. It is easily seen that

(B) [sim(xu;x)| < |sim(s)| and [non(xu;x)| < |non(s)| for all i.

For each i, the arguments in Case 1 can be repeated to show that the equivalence

©) {B.D), xu;x =~ xu)x} ~ {3.1), r; ~ r}}

holds for some r; = 1, € idgg;(L x Z}f) such that

(D) |sim(x;)| = Isim(xw;x)| and |non(¥;)| = [non(xu;x)|.

Hence, the equivalence {(3.1), s = s’} ~ {(3.)} U {r; = r; : 1 <i < £} holds by (A) and (C), where |sim(T;)| < [sim(s)|
and |non(r;)| < |[non(s)| by (B) and (D). O

Lemma 5.6 ([8, Lemma 13]). Letw =~ w' € id(L), where w,w' € o7*. Suppose that w belongs to
‘Bk {xTy ‘y . ykxq2 g:z1t; 22}
for some k > 2. Then, w' belongs to either ‘Bk or
‘131 {quyk y;c" 1. -yilxqz T 2}.

Lemma5.7. Letx € o and lets,s' be sandwiches with x ¢ con(s) = con(s'). Suppose that xsx = xs'x € id(L x Z%).
Then,s =~ s' € id(L x ZY).

Proof. This result has been established for the case R = 1 ([10, Lemma 5.8]), but its proof is independent of
the value of R. Hence, the present lemma holds. O

Lemma 5.8. Suppose thatr =~ ' € idp,, (L x ZX), where

k

= x(l_[ Pi)x®
i=1
k

Y= x(n plf)x@
i=1

for some pl,pl,...,py € («/ U./*)" such that x,p},pl,...,p, are pairwise disjoint, con(p;) = con(p!) for all i,
and each p; is either a singleton or a sandwich. Furthermore, for each i,

(i p;and p,f are either both singletons or both sandwiches,

(i) if p; and p; are both singletons, then p; = p;,

(iii) if p; and p; are both sandwiches, then p; = p, € idg, (L x Z%).

is the refined sandwich in (5.1). Then,

Proof. It follows from the assumption and Lemmas 5.1-5.3 that r' = xu'x® forsomeu’ € (&7 U &7*)" such that

(A) x¢ con(u’) = con(p; - P, -+ Py)-
Let u’ = []<, p, be the natural decomposition of u’, so that

K
. :x(np;)x®,
i=1

Brought to you by | Boston College Libraries
Authenticated
Download Date | 3/7/17 2:49 PM



600 —— E.W.H. Lee, Finite involution semigroups with infinite irredundant bases of identities DE GRUYTER

where
(B) each p; is either a singleton or a sandwich and x, p}, p;, .., pj, are pairwise disjoint.
It is first shown that k = k" and con(p;) = con(p}) for all i.

Let ¢ : & — o/ denote the substitution given by

n

yi ifz € con(p)),
zQp = .
x" otherwise.

Note that for any w € (&7 U &/*)", the image wg belongs to
(AU (Z9)") = {x" ¥, 35 7 D DS ) )}

Therefore, identity (3.1d) can be used to convert wg into the plain word we in {x", 3, ¥5, ..., y{}". Hence,

k Ko
%0 G1d) e = x"(n yl.'llpi|>x” and r'g G0 r'o = x”(l_[ p{(p)x".

i=1 i=1
Sincerp = @ cid(L)andrg € ‘1311, Lemma 5.6 implies thath € ‘1311 U ‘Bi, that is,
© x"(ITi, Ple)x" € PBLU P,
Furthermore, since

con(p;¢) < con(u'p) = con((pyp, - PL)P) = {¥1> y2:-- > kb

it follows that
(D) con(p)®) € {y1>¥..., yi} foreachi e {1,2,...,k'}.
Recall that each p,f is either a singleton or a sandwich. If plf is a singleton,Lhen clearly con(pl¢) = {y;}
for some j. Suppose that p; is a sandwich. Then, p; is connected, so that p¢ is a connected factor of
r'g e ‘13,[ u ‘B,ﬁ. The connected factors of words in ‘13,1 u ‘43}( are

41 b b i 4 a1tk o et f, 4
xlylyz...ykxz) xlykyk—l'”ylxz’ inI,thQ.,

and

x, yi, yg,..., y,tc, t>2.
But since x ¢ con(p;_go) by (D), the word p1'_g0 can only be one of 1, y5,..., y;, so that con(qu)) = {y;} for some j.
Hence, regardless of whether plf is a singleton or a sandwich,
(E) con(plf_go) = {y;} for some j.
It follows that con(;lf) C _con(ITj) for some j.Ey a symmetric argument, the inclusion con(}Tj) c con(ﬁ) holds
for some m, so that con(p}) < con(p;) < con(p},). Since the words p; and p;, are either equal or disjoint, p; = p;,
is the only possibility, whence con(p}) = con(p;). It has just been shown that for each_i €{1,2,..., k'}, there
exists some j € {1,2,...,k} such that con(p}) = con(p;). Since con(p; - p, - Pr) = con(py - py -+ py) by (A), it
follows that
(F) k=k"and
(G) there exists a one-to-one correspondence between

con(p;),con(p,),...,con(p,) and con(p_;), con(p_;), cees con(p_,’c).

Furthermore, (C) and (F) imply that either

k k
x"(Hpﬁ(p)x" € ‘131 or x"(Hpﬁ(p)x" € ‘Bi.
i=1 i=1

It thus follows from (E) that either

(H) (con(p}),con(p}),...,con(p;)) = (con(p;), con(py), .. ., con(py)) or
(H’) (con(p}), con(p}), ..., con(p;)) = (con(py), con(Py_y), - .- con(py)).
Now Lemma 2.1 implies that

(D) sim(F) = sim(r') and non(F) = non(r').

If k = 1, then (H) clearly holds, so assume that k > 2.
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Case 1: The words p;, p,, - - -, px are all sandwiches. Then, in view of (B) and (I), either (H) or (H’) implies
that p}, p}, ..., p; are also sandwiches. Hence, (H) must hold by (R.2).

Case 2: The word p; is a singleton for some i. Then, p; € {y, y*} for some y € sim(x¥). It follows from either (H)
or (H’) that con(;}) = {y} for some j, whence p; e{y,y* by (D). If p; # p;, so that (pi,p;) e{n ), 0 )},
then since the group Z}f satisfies r ~ ' and has a unit element, it also satisfies the identity y* = y; this is
impossible because g* = g® # g. Therefore, p; = p; € {y, y"}.Nowsince k > 2, either 1 < iori < k. By symme-
try, assume that 1 < i. Let y : &/ — L denote the substitution given by

e ifzecon(py Py Pir)

ef ifz=yandp, =y,
zx =

fe ifz=yandp; =y",

f  otherwise.

Then,

ry = (x-py P2 Pioi’ Pi *Pis1 P X)X
=f-e-e-e-ef- f - f-f (5.2)
= fef.

If (H’) holds, then 'y is the product (5.2) in reverse order, that is,

r'X:f~f~~-f~ef-e-e-~~e~f:0.

But this is impossible, so that (H’) cannot hold. Therefore, (H) must hold.
Hence, (H) holds in any case. It then follows from (B) and (I) that (i) and (ii) hold. It remains to verify
that (iii) also holds. Suppose that p; and p, are sandwiches. Let y : &/ — o/ denote the substitution given by

x"  otherwise.

{z ifz € con(p;) = con(;lf),

Zy =

Then, the deductions (3.1a) + {x(ry)x = xp;x, x(r'y)x = xp.x} hold, so that the deduction {(3.1a), r ~ r'} F
xp;x = xp,x also holds. It now follows from Lemma 3.2 that xp; x = xp; x € id(L x Z%). Hence, p; = p; €id(L x Z%)
by Lemma 5.7. O

6 Proof of Theorem 3.1

In this section, the following statement is established for each m > 1.
(§,) Ifs=s" €idg,y(Lx ZE) with [non(s)| < m, then 3.1) Fs=~s'.
Hence, the deduction (3.1) + idg,y(L x Z) holds. It follows from Lemma 4.4 that the deduction

{BD)} Uidgpy (L x Z2) Fid(L x Z})
holds. Therefore, the proof of Theorem 3.1 is complete.
Lemma 6.1. The statement (§,) holds.

Proof. Suppose that s =~ s’ ¢ idgay (L % Z}f) with |non(s)| = 1. Then, by Lemma 5.5, there exists some finite
2 C idgg(L x ZY) such that

(A) {B.1),s=s'} ~{B1)}uzand

(B) eachr =1’ e I satisfies |sim(r)| < |sim(s)| and |non(F)| < |non(s)| = 1.

Consider any r ~ r' € X. Generality is not lost by assuming that r = x(]'[f.‘=1 p;)x® is the refined sandwich
in (5.1). Then, Lemma 5.8 implies that r' = x(]T<, p})x® for some p; € (7 U .&/*)* such that con(p;) = con(Ef)
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for all i. Since 1 = [non(F)| = |non(r’)] by (B) and Lemma 2.1, it follows from (i) and (ii) of Lemma 5.8 that p,
and p; are the same singleton. Hence, the identity r ~ r' is trivial.

Since the identity r =~ r' is arbitrary in X, every identity in X is trivial. The deduction (3.1) s = s’ thus
follows from (A). O

Lemma 6.2. Suppose that the statement (§,,) holds. Then, the statement (8,,,,,) also holds.

Proof. Suppose thats ~s’ ¢ idguy (L % fo) with |non(s)| = m + 1. Then, by Lemma 5.5, there exists some finite
% € idgge(L x ZY) such that

(A {B1),s=~s'} ~{BD}uzand

(B) eachr ~r' € ¥ satisfies [sim(F)| < |sim(5)| and [non(F)| < |non(s)| = m + 1.

Consider any r ~ r' € X. Generality is not lost by assuming that r = x(l—[f.ll p;)x® is the refined sandwich
in (5.1). Then, Lemma 5.8 implies that r' = x([T, p})x® for some p; € (<7 U &/*)* such that con(p;) = con(p_lf)
for all i. By (i) of Lemma 5.8, the words p; and p; are both singletons or both sandwiches.

Case 1: The words p; and p; are singletons. Then, one has p; = p; by (ii) of Lemma 5.8, so that the deduction
(3.1) + p; = p; holds vacuously.

Case 2: The words p; and p; are both sandwiches. Then, p; = p; € idg,(L x Z\) by (iii) of Lemma 5.8. Since
[non(p;)| < Inon(¥)| < m + 1 by (B), the deduction (3.1) + p; = P£ follows from (§,,).

Therefore, the deduction (3.1) + p; ~ p; holds in any case. Since

k k
r= x(H p,.)x@ G x(Hp£>x® =r,
i=1 i=1

the deduction (3.1) - r = r' also holds. The identity r ~ ' is arbitrary in Z, so that (3.1) - Z. Consequently, the
deduction (3.1) F s = s’ follows from (A). O

7 Irredundant basis property

7.1 Terms, identities, and deducibility

The set T, of terms over < is the smallest set that satisfies all of the following:
e W CT,,

o ift,t, €T, thent;t, e T,

o ifteT,, thent" €T,.

The subterms of a term t are defined as follows:

e tisasubterm oft,

o ift;t, is a subterm of t, where t, t, € T, then t, and t, are subterms of t,

o ifu” is a subterm of t, where u € T, then u is a subterm of t.

Remark 7.1. Note the following.

(i) Theinclusion (&7 U «7*)" ¢ T,, holds.

(ii) The identities (inv) can be used to convert any term t € T, into a unique word in (&7 U «/™)*; denote this
unique word by [t].

(iii) If wis a subterm of a term t € T, then either |u] or |[u*] is a factor of the word |t].

For the remainder of this article, identities t ~ t' are formed by terms t,t' € T,,. An identity w ~ w’ formed
by words w,w’ € (<7 U .«7*)" is called a word identity. The objective of Sections 3—6 was to prove that iden-
tities (3.1) constitute a basis for the involution semigroup L x Z}f. In view of (ii) of Remark 7.1, this task was
achievable by working mainly with word identities. However, the situation is different in the present section,
where the goal is to

(#) extract from (3.1) an infinite irredundant basis for L x ZE;
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see Theorem 7.4. Each identity from this extracted basis is shown to be undeducible from all other identities
in the basis, and this involves examining deduction sequences that generally contain terms instead of only
words. Working with only word identities is thus insufficient.

Due to (%), the concept of deducibility of identities, first defined in Section 2, has to be treated more
formally. An identity x =y is directly deducible from an identity u = v if there exists some substitution
¢ : o/ — T, such that ug is a subterm of x, and replacing this subterm of x with v¢ results in the term y.
By Birkhoff’s completeness theorem of equational logic [2], an identity x ~ y is deducible from a set ¥ of
identities if there exists a sequence

X=1t,t,...,t, =y

of terms, where each identity t; = t;, is directly deducible from some identity in X.
Recall that the number of times a letter x € ./ occurs in a word w € (& U & *)" is denoted by occ(x, w).
The number of times x € .7 occursinatermt € T, is occ(x, [t]). For instance, if t = x(y*x*)* (zx*y)* € T, then

[t] = x(x*)2yy*xz* = x’y*xz,
so that occ(x, [t]) = 4, occ( v, 1t]) = 2, and occ(z, [t]) = 1. The following result is easily seen to hold.

Lemma 7.2. Suppose thatt = t' is any identity deducible from (inv). Then, one has |t] = [t'|.

7.2 ldentities (3.1w)

For each m > 2, let
B,, = {(b,b,,...,b,) : b,b,,....b, €{0,1}}

denote the set of all binary vectors of dimension m. The vectors in B,, are lexicographically ordered by < as
(b, b,, ..., b,) < (b],b),...,b)

if there exists a least € € {1,2,...,m} such thatb, < by and b, = b/ foranyi < £.1fV = (b, b,,...,b,) € B,,, then
the dual of vis 6V = (b,,,b,,_;, ..., by). If 8V = v, then V is a palindrome. The set B,, can be partitioned into the
three subsets

B, ={veB,:v=0v}, B, ={veB,:V<d&v}, B, ={veB,:V>dv}.

Each vector v = (b, b,,...,b,,) € B,, is associated with the words

= b * b = * T *
v = x(l—[(yih,-’yi )>x =%y s eyl v X

i=1

1
b * b, . * by * b = %
vt = x(]_[(yihi Vi )>x =X Yoy Vo * Yt By Yoy - 1y yy - x5

i=m

where h{ = @ and h; = h;. Note that

v = vt veB,} = {Giw)}.

m>2

In Section 7.3, some identities from (3.1w) are chosen to form an irredundant basis for the involution semi-
group L x fo. But for each m > 2, the identities in {VT ~vl:ve B,,} are not irredundant; if v is not a palin-
drome, then V and 8V are distinct vectors such that the associated identities vl =~ v! and ((SV)T = (8v)l are
equivalent. This redundancy can be eliminated by choosing identities v ~ v! with v taken from only B,
or B,. Hence, the equivalence
Giw) ~ [ J{v' = vt : v e B, UB;}
m=2

holds, where no two identities on the right are equivalent.
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Lemma7.3. Let V= (b,b,,...,b,) € B,,. Suppose that vl =~ weid(L x ZE) for some word w € (o7 U o/™)".
Then, either w = V! orw = V.

Proof. By Lemma 2.1,
(A) sim(W) = {h?, h%2,..., K} and non(W) = {x, Y1, ¥2»- -+ » Vpm)-
Let ¢ : & — L denote the substitution given by

<|fe ifz =x,
ze =

e otherwise.

Then, V' = fef = wg, so that wg is a product of the form fe-e-e---e - ef, whence
(B) w = xux” forsome u € (&7 U o7*)" such that x ¢ con(u).
Consider any fixedi € {1,2,...,m}. Let y : &/ — L denote the substitution given by

fe ifz=y,
zx=1e ifz=nh,
f  otherwise.
Then, V! y = fef = wy.
There are two cases to consider.
Casel. Ifb = 1, then h; € sim(w) by (A), so that
wy=f-f-f-fe-e-ef-f-f--f.

Hence, (A) and (B) imply that w = xu, y;h{ y u,x" for some ® € {1, +} and u;,u, € (& U&")" U{z} such
that x, y;, h; ¢ con(u; - uy). Since V! = w € id(Z%) and Z% has a unit element, it follows that k; ~ h® € id(Z%).
Butg # g* in ZY, so that® = 1. Thus w = xu, y;h; y u,x* = xuly,-hf"yi*uzx*.

Case 2. Ifb, = 0, then h; ¢ con(w) by (A), so that
wx=f-f-f-fe-ef -f-f---f

Hence, (A) and (B) imply that w = xu, y; 5/ u,x* = xulyihf"yi*uzx* for some u,u, € (& U «7*)" U{@} such
that x, y; ¢ con(u; - uy).

Therefore, in any case, w=xu, y; hf" ¥ u,x" forsomeu,,u, € (/Ua/")" u{@}suchthatx, y,, h; ¢ con(u; - uy).
Since i is arbitrary, it follows that w = xvx™, where v is a product of y, hll’1 ViV hlz’z Viseeos iy in some
order. Let 7 denote the permutation on {1, 2, ..., m} such that

w= x(l_[(yinhib:y;r))x*'
i=1

Lety : & — o/ denote the substitution given by

n

yiifz e {y, b,
zZy =
x" otherwise.

Then,
1a), (3.1d m 1a), (3.1d i
yly O )x"<1_[ J’?)x" eqp! and wy T )x”<H yfﬁf)x”.
i-1 i=1

Since x"([T7", y")x" = " ([T, yi)x" € id(L x ZY), it follows from Lemma 5.6 that x"([]7", y/)x" € B UPL,
whence
(1m,2m,...,mn) € {(1,2,...,m), (mym—1,...,1)}.

Consequently, either w = v or w = v, O
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7.3 Anirredundant basis from (3.1)

Theorem 7.4. An infinite irredundant basis for the involution semigroup L x Z;R can be formed from the identi-
ties in (3.1).

Recall from Section 7.2 that identities (3.1w) and

o= J{v'=vt:veB, uB;}
m=2
are equivalent. Since the set ® = {(3.1a), (3.1b), ..., (3.1v)} is finite, it follows from Theorem 3.1 that ® contains
some minimal subset @, such that ®,,;, U Q is a basis for the involution semigroup L x Z\. Let

min
Vg = (b1, by,...,b,) € B, UB;,
be a fixed vector. In the remainder of this subsection, it is shown that the identity
Vi = Vi
in Q is not deducible from
{(inv)} U @y, U (Q\ V], = VL }). (7.1)

Since Q is infinite, the set ©,,,, UQ is an infinite irredundant basis for the involution semigroup L x Z\.
This completes the proof of Theorem 7.4.

Seeking a contradiction, suppose that the identity Vgx = Véx is deducible from identities (7.1). Then, there
exists a sequence

1
Vﬁx

=ttt = VE

of terms, where each identity t; = t;,, is directly deducible from some identity u; = v; in (7.1). If every iden-
tity u; =~ v; is from (inv), then it follows from Lemma 7.2 that V;X = |t;] for all i, whence the contradiction
Vgx =t ] = Véx is obtained. Therefore, some u; = v, is not from (inv); let £ > 1 be the least possible index such
that u, = v, is not from (inv). Then,

(D u, = v, isfrom @, u(Q\{v] ~vi})

while u; = vj,u, = v,,...,u,_; = v,_; are from (inv), whence

(I Vgx ~ t, is deducible from (inv).

In what follows, it is shown that the identity u, = v, belongs to neither ®,,;, nor Q\{V‘TiX = thax}; this and (I)
imply the required contradiction.

Lemma 7.5. The following hold.
@ L) =v].
(ii) The word |t,] does not contain any of the factors

x%'h, x®, (7.2a)

x%'h, x%2h, x%, (7.2b)

x®h; y®h, x%hy y®, (7.2c)

x®h, y*2h,z%h; z%h, y*hsx®, (7.2d)
x%'h, y®*h,z% 1% h, y*h,x%, (7.2e)

where x, y,z,t € o, h; € (& U/")" U{@}, and ®; € {1, *}.

[Correction added after online publication 11 September 2015: For the readers convenience equation (7.2a) has
been changed from x®h, x®: to x®1h, x* ]

Proof. Part (i) follows from (II) and the observation made in (ii) of Remark 7.1, while part (ii) is a consequence
of part (i). O

Since the identity t, = t,,, is directly deducible from u, = v,, there exists some substitution ¢ : &/ — T, such
that u, ¢ is a subterm of t,.
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Lemma 7.6. The identity u, = v, cannot be from @ ,.
Proof. Suppose that u, =~ v, is an identity from (3.1i)-(3.1v). Then,
u, = hyx®h, y*h,x*h;y*h,
forsomeh; € (& U&*)" U{z}ande, € {1, *}. Letz € con(@) andt € con(w), so that

lu,¢] = [hyo] (---z®1 -+) [hye] (---t®2 --) |h,e] (---z®3 ---) |hye] (---t®4 ---) |hye]
[(xg)®1 ] L(ye)®2 ] [(x¢)®3 | L(yp)®4]

for some @, € {1, *}. Since u,¢ is a subterm of t,, as observed in (iii) of Remark 7.1, either [u,¢] or |(u,¢)*]
is a factor of the word |t,], whence [t,] contains a factor of the form (7.2c). But this is impossible by (ii) of
Lemma 7.5.

If u, =~ v, is an identity from (3.1a)-(3.1h), then a similar argument shows that the word [t,| contains
a factor of the form (7.2a) or (7.2b). This is again impossible by (ii) of Lemma 7.5. O

Lemma 7.7. The identity u, =~ v, cannot be from Q\ {V‘Tix = Vflix}.

Proof. It suffices to assume that the identity u, = v, belongs to  and then show that it is precisely Vllx ~ V‘lix.
Suppose thatu, = v, istheidentityuw' ~ w!in Q, whereW = (¢, c,,...,¢,) € B, U B}, forsomen > 2. Then, either
u,¢ = W ¢ or u,¢ = W' is a subterm of t,; by symmetry, it suffices to assume that
n
up == (x¢)<1_[((y,~<p)(h?<p)(yi<p)*))(x<p)*
i=1
is a subterm of t,.

Suppose that the word |x¢] is non-singleton. Then, |x¢] = --- x;x, - - - for some x,, x, € /. Choose any
q € con(Ly,¢]). Then,

W'l = lxplly 9K o)L (y19)"] -+ L(x9)"]

:(...xflez“.) (...q@s...)Lh‘i‘l(pj(...q&...) (...xfsxfs...)
Lxg] el L)l L(x)*]

for some @; € {1, *}. Since wT(p is a subterm of t,, as observed in (iii) of Remark 7.1, either [WT(pJ or L(wT(p)*J is
a factor of the word [t,], whence [t,] contains a factor of the form (7.2b) or (7.2d), depending on whether or
not the letters x|, x,, and g are distinct. But this is impossible by (ii) of Lemma 7.5. Therefore,
(A) the word |x¢] is a singleton.

Suppose that the word | y;¢| is non-singleton. Then, [ y;¢] = - -- x,x, - - - for some x,, x, € <7. Choose any
q € con(|x¢]). Then,

lW'el = Lxg] - Ly, @llhi oIl (7;9)* |- (x9)"]

=(eeg®e) s (...xfzxfs...)thf(pJ (-‘-x?x?“--) v (eeg®et)
Lxo] Lyio] LOip)*] L(xg)*]

forsome ®; € {1, +}. Since W' is a subterm of t,, by (iii) of Remark 7.1, either [qu)J or [(WT(p)*J is a factor of the
word |t, |, whence | t,] contains a factor of the form (7.2b) or (7.2d), depending on whether or not the letters x;,
x,, and q are distinct. But this is impossible by (ii) of Lemma 7.5. Therefore,
(B) the word | y;¢] is a singleton.

Suppose that ¢; = 1 and | hjp]| is non-singleton. Then, |hi¢] = --- x,x, -+ for some x,,x, € </. Choose
any q € con(|x¢]) and t € con(| y;¢]). Then,

W'l = Lxgl - Ly:@lh @l (yi9)"] -~ L(xg)*]

= (g ) e (P2 (-~~x?3xf"-~-) (- t®) e (g™ )
Lxg] Lyig] (K g] L)) L(xg)*]

for some ®; € {1, *}. Since qu) is a subterm of t,, by (iii) of Remark 7.1, either [wT(pJ or [(ngo)*J is a factor of the
word [t, |, whence [t,]| contains a subterm of the form (7.2b), (7.2d), or (7.2e), depending on whether or not the
letters x,, x,, q, and ¢ are distinct. But this is impossible by (ii) of Lemma 7.5. Therefore,

(C) if¢ = 1, then the word | k] ¢| is a singleton.
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Now since u,¢ = qu) is a subterm of t,, by (iii) of Remark 7.1, either LWT(pJ or L(qu))*J is a factor of the
word [t,]| = Vgx, where

lW'gl = Lx<pJ( (Lyio] th"prl(y,»(P)*J)>L(x<p)*J
=1

T

and

1
Lw'g)*] = thpJ( (lyiprl(hf"fp)*Jl(%(P)*J))L(xgo)*J.

1

Therefore, (A)—(C) imply that m = nand either Vgx = LWT(pJ or VfTix = [(wT(p)*J. It follows that v;lx = Véx coincides
with the identity W' ~ w! and so also the identity u, = v,. O

Acknowledgement: The author would like to thank the anonymous referees for helpful suggestions, and Igor
Dolinka and Marcel G. Jackson for very fruitful discussions.
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